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Abstract

Pretrained foundation models (FMs) have exhibited extraor-
dinary in-context learning performance, allowing zero-shot
(or few-shot) generalization to new environments/tasks not
encountered during the pretraining. In the case of rein-
forcement learning (RL), in-context RL (ICRL) emerges
when pretraining FMs on decision-making problems in an
autoregressive-supervised manner. Nevertheless, the current
state-of-the-art ICRL algorithms, such as Algorithm Distilla-
tion, Decision Pretrained Transformer and Decision Impor-
tance Transformer, impose stringent requirements on the pre-
training dataset concerning the behavior (source) policies,
context information, and action labels, etc. Notably, these
algorithms either demand optimal policies or require vary-
ing degrees of well-trained behavior policies for all pretrain-
ing environments. This significantly hinders the application
of ICRL to real-world scenarios, where acquiring optimal or
well-trained policies for a substantial volume of real-world
training environments can be prohibitively expensive or even
intractable. To overcome this challenge, we introduce a novel
approach, termed State-Action Distillation (SAD), that al-
lows to generate an effective pretraining dataset guided solely
by random policies. In particular, SAD selects query states
and corresponding action labels by distilling the outstanding
state-action pairs from the entire state and action spaces by
using random policies within a trust horizon, and then inherits
the classical autoregressive-supervised mechanism during the
pretraining. To the best of our knowledge, this is the first work
that enables effective ICRL under (e.g., uniform) random
policies and random contexts. We also establish the quantita-
tive analysis of the trustworthiness as well as the performance
guarantees of our SAD approach. Moreover, our empirical re-
sults across multiple popular ICRL benchmark environments
demonstrate that, on average, SAD outperforms the best base-
line by 236.3% in the offline evaluation and by 135.2% in the
online evaluation.

Introduction

Pretrained foundation models (FMs) have demonstrated
promising performance across a wide variety of domains
in artificial intelligence including natural language process-
ing (NLP) (Devlin 2018; Radford 2018; Radford et al. 2019;
Brown 2020), computer vision (CV) (Yuan et al. 2021; Sam-
mani, Mukherjee, and Deligiannis 2022; Ma et al. 2023;
Chen et al. 2024), and sequential decision-making (Chen
et al. 2021; Janner, Li, and Levine 2021; Xu et al. 2022b;

Yang et al. 2023; Light et al. 2024a,b). This success is at-
tributed to FMs’ impressive capability of in-context learn-
ing (Dong et al. 2022; Li et al. 2023; Wei et al. 2023;
Wies, Levine, and Shashua 2024) which refers to the abil-
ity to infer and understand the new tasks provided with the
context information (or prompt) and without model param-
eters updates. Recently, in-context reinforcement learning
(ICRL) (Laskin et al. 2022; Grigsby, Fan, and Zhu 2023;
Lin, Bai, and Mei 2023; Sinii et al. 2023; Zisman et al. 2023;
Lee et al. 2024; Lu et al. 2024; Wang et al. 2024; Dong et al.
2024) has emerged when FMs are pretrained on sequential
decision-making problems. Whereas FMs use texts as the
context/prompt in NLP, ICRL treats the state-action-reward
tuples as the contextual information for decision-making.

However, the current state-of-the-art (SOTA) ICRL
algorithms impose strict requirements on the pretrain-
ing datasets. More specifically, Algorithm Distillation
(AD) (Laskin et al. 2022) requires the context to contain the
complete learning history (from the initial policy to the final-
trained policy) of the source (or behavior) RL algorithm
for all pretraining environments. In addition, AD requires
environments to have short episodes, allowing the context
to capture cross-episodic information. This enables AD to
learn the improvement operator of the source RL algorithm.
Conversely, Decision Pretrained Transformer (DPT) (Lee
et al. 2024) partially relaxes the requirement on the con-
text, permitting it to be gathered by random policies and
without needing to adhere to the transition dynamics. Nev-
ertheless, DPT necessitates the optimal policy to label an
optimal action for any randomly sampled query state across
all pretraining environments. To explore the feasibility of
ICRL in the absence of optimal policies, Decision Impor-
tance Transformer (DIT) (Dong et al. 2024) proposes to
leverage the observed state-action pairs in the context data
as query states and corresponding action labels. Each state-
action pair within the context is assigned a weight in the
training process. This weight is proportional to the pseudo-
return of the pair. Thus, DIT prioritizes the training on high-
pseudo-return pairs. Despite not demanding optimal poli-
cies, DIT still requires a substantial context dataset to com-
prehensively cover all state-action pairs from the state and
action spaces. Furthermore, DIT mandates that more than
30% of the transition data in the context be well-trained, and
the context should originate from a complete episode.



Notably, acquiring either optimal policies or well-trained
policies across a multitude of pretraining environments in
real-world scenarios can be prohibitively expensive or even
intractable. On the other hand, the transition data available
in real-world problems like healthcare (Fatemi et al. 2022;
Tang and Wiens 2021)—collected as the context—may not
originate from a complete episode. These stringent require-
ments on the pretraining dataset of the SOTA ICRL algo-
rithms severely limit their practical applications to the real
world, especially for those where the transition data exhibits
high variance to train an effective policy, and a naive ran-
dom policy such as the uniform policy becomes a reasonable
choice at hand. Consequently, this paper centers on the ICRL
that operates without the need for optimal (or any degree of
well-trained) policies or episodic context, placing its empha-
sis on the scenarios under (e.g., uniform) random policies
and random contexts only. More background knowledge can
be found in the Related Work section (see Appendix A).

Main Contributions

The main contributions of this work are summarized as fol-
lows.

* We propose a novel approach termed State-Action Distil-
lation (SAD) to generate the pretraining dataset of ICRL
under random policies. Notably, SAD distills the out-
standing state-action pairs over the entire state and action
spaces for the query states and corresponding action la-
bels (refer to Figure 1), by executing all possible actions
under the random policies within a trust horizon.

* To the best of our knowledge, SAD stands as the first
method that enables effective ICRL under (e.g., uniform)
random policies and random contexts.

* We establish the quantitative analysis of the trustworthi-
ness as well as the performance guarantees of our SAD
approach. We substantiate the efficacy of SAD by em-
pirical results on several popular ICRL benchmark envi-
ronments. On average, SAD significantly outperforms all
existing SOTA ICRL algorithms. More concretely, SAD
surpasses the best baseline by 236.3% in the offline eval-
uation and by 135.2% in the online evaluation.

In-Context Reinforcement Learning

This section introduces the background of ICRL mecha-
nisms and three SOTA ICRL algorithms. We start by pre-
senting the preliminaries of ICRL.

Preliminaries

RL problems are generally formulated as Markov Decision
Processes (MDPs) (Sutton 2018). An MDP can be repre-
sented by a tuple 7 = (S, A, R, P, p), where S and A de-
note finite state and action spaces, R : S X A — R denotes
the reward function that evaluates the quality of the decision
(action), P : S x A x S — [0,1] denotes the transition
probability that describes the dynamics of the system, and
p S — [0,1] denotes the initial state distribution.

A policy 7 defines a mapping from states to probability
distributions over actions, providing a strategy that guides

the agent in the decision making. The agent interacts with
the environment following the policy 7 and the transition
dynamics of the system, and then generates an episode of
the transition data (sg, ag, g, - - - ). The performance mea-
sure J () is defined by the expected discounted cumulative
reward under the policy 7

J<7T) = Esorvp,atwﬂ(-\st),st+1~P(-|st,at) lz Wtrt‘| . (1)
t=0

The goal of RL is to find an optimal policy 7* that max-
imizes J(m). It is crucial to recognize that 7* often varies
across different MDPs (environments). Thus, the optimal
policy for standard RL must be re-learned each time a new
environment is encountered. Under this circumstance, ICRL
proposes to pretrain a FM on a wide variety of pretraining
environments, and then deploy it in the unseen test environ-
ments without updating parameters in the pretrained model,
i.e., zero-shot generalization (Sohn, Oh, and Lee 2018; Ma-
zoure et al. 2022; Zisselman et al. 2023; Kirk et al. 2023).

Supervised Pretraining Mechanism

In this subsection, we introduce the methodology behind
ICRL~a supervised pretraining mechanism. Consider two
distributions over environments 7y,in and 7 for pretrain-
ing and test (evaluation), respectively. Each environment,
along with its corresponding MDP 7, can be regarded as an
instance drawn from the environment distributions, where
each environment may exhibit distinct reward functions and
transition dynamics. Given an environment 7, a contex-
t/prompt C = {s;, 04,7, 5} }ic[n] refers to a collection of
interactions between the agent and the environment 7, sam-
pled from a pretraining context distribution Dy (- | 7), i.e.,
C ~ Dyain(- | 7). Notably, Dyyin(- | 7) contains the con-
textual information regarding the environment 7. We next
consider a query state distribution D7 and a label policy that
maps the query state to the action label, i.e., m; : S — A(ay).
Then, the joint distribution over the environment 7, context
C, query state s, and action label a; is given by

Ptrain('7—7c7 Sq, al) = 7?rain(7_) : Dtrain(C|T) : D; : 7Tl(al|5q)~
(2)

ICRL follows a supervised pretraining mechanism. More
concretely, a FM with parameter 6 (denoted by Fy : C X
S — A(a;)) is pretrained to predict the action label a; given
the context C and query state s,. To do so, the current liter-
ature (Laskin et al. 2022; Lee et al. 2024; Dong et al. 2024)
often considers the following objective function

0" = arg‘;ninEP(mm [Z (]:9( | C, Sq)v al)] ) 3)

where (-, -) represents the loss function, for instance, neg-
ative log-likelihood (NLL) for discrete-action problems and
mean square error (MSE) for continuous-action scenarios.
We note that while the current SOTA ICRL algorithms (AD,
DPT, and DIT) adhere to a common objective function (3),
they differ significantly in constructing the context, query
state, and action label.
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Figure 1: Schematic of the State-Action Distillation (SAD) approach. SAD first collects the context and query state using a
random policy, then distills the action label by exploring the action space using the random policy and query state within a trust
horizon. The collected contexts, query states, and action labels form the pretraining dataset, which can be employed to pretrain
a foundation model for in-context reinforcement learning in a supervised pretraining mechanism.

Algorithm Distillation. Instead of learning an optimal
policy for a specific environment, AD proposes to learn a
RL algorithm itself across a wide range of environments.
This is, the FM in AD is pretrained to imitate the source (or
behavior) algorithm over the pretraining environment distri-
bution 7y,in. In general, AD demands a well-trained source
algorithm with its complete learning history (from the ini-
tial policy to the final-trained policy). Additionally, AD is
restricted to the environments with short episode length by
which the context must capture cross-episode information
of the source algorithm. In terms of the objective function
(3), AD takes the state at the time step ¢ as the query state,
a; from the source algorithm as the action label, and the
episodic history data (sg, ag, 7o, -+ , St—1, Gt—1,7t—1) to be
the context.

Decision Pretrained Transformer. Instead of being strin-
gent on the pretraining context dataset and the environment
itself, DPT handles the context and query state in a more
general manner. Specifically, DPT considers an entirely ran-
dom collection of transitions as the context, a random query
state s, drawn from D, and an optimal action label cor-
responding to s,. Despite less requirements on the context,
DPT necessitates access to optimal policies for the optimal
action labels in all pretraining environments, which may not
be available in real-world applications.

Decision Importance Transformer. DIT proposes to
learn ICRL without optimal action labels, following the
same supervised pretraining mechanism as DPT. To that end,
DIT leverages every possible state and action in the context
as the query state and corresponding action label. It is im-
portant to point out that DIT requires a (partially) complete
episode to form the context, enabling the computation of
a pseudo-return for each state-action pair. By mapping the
pseudo-return to a weight that reflects the quality of each
state-action pair, DIT can pretrain the FM using the DPT
structure, augmented by the weight assigned to each query
state and action label. In other words, DIT prioritizes the

training on high-pseudo-return pairs. Last but not least, DIT
still mandates that more than 30% of the context data comes
from well-trained policies.

To summarize, it is worth highlighting that all these
SOTA ICRL algorithms necessitate varying degrees of well-
trained, or even optimal policies during the pretraining
phase. However, obtaining optimal or well-trained policies
for real-world applications is often prohibitive, as it demands
extensive training across a vast number of real-world envi-
ronments. This challenge becomes even more pronounced
in the domains like healthcare (Fatemi et al. 2022), where
the transition data exhibits high variance to train an effective
policy, and the random policy becomes a reasonable choice
at hand. Therefore, executing ICRL under (e.g., uniform)
random policies and random contexts is crucial for enabling
the practical application of ICRL in the real-world.

State-Action Distillation

In this section, we propose the State-Action Distillation
(SAD), an approach for generating the pretraining dataset
for ICRL under random policies and random contexts (see
Figure 1). We summarize the implementation details of SAD
in Algorithms 1-6.

As indicated in (2), the pretraining data consists of the
context, the query state and the action label. We start by in-
troducing the generation of the context under random poli-
cies in SAD (refer to Algorithm 1). It is important to high-
light that the context is derived through interactions with
the environment under any given random policy (e.g., uni-
form random policy), and notably, the context not necessar-
ily originates from a complete episode. These benefits make
SAD potentially well-suited for ICRL’s real-world applica-
tions with random transition data only.

Having collected the random context, we are now in the
stage of collecting query states and corresponding action la-
bels for the pretraining of FM under the random policy.



Algorithm 1: Collecting Contexts under Random Policy

1: Require: Random policy 7, context horizon length T,
state space S, environment 7, empty context C = ()

2: for ¢ in [T] do

3:  Sample a state s ~ S and an action a ~ 7(+|s)

4:  Collect (r, s") by executing action a in the environ-
ment 7

5:  Add (s,a,r,8')toC

6: end for

7: Return C

We proceed by recalling that DIT prioritizes the training
on high-pseudo-return pairs from the context data collected.
To that end, DIT assigns a weight w to the loss function dur-
ing the pretraining phase that is proportional to the pseudo-
return, i.e., w(ss, as) Z;{:t fyt/*tr,y. Nonetheless, we ac-
knowledge that DIT may not explore to train on good state-
action pairs under the random policy for two reasons: (7)
DIT solely considers to train on the state-action pairs that
are observed in the context, which contains limited transi-
tion data and is derived by the random policy. (i) Even for
the state-action pairs in the collected context, the pseudo-
return does not necessarily prioritize the optimal pair but
rather promotes the pair with high immediate reward, as the
discount factor applies starting from the current time step
with a horizon of (T — t + 1) only, instead of T'.

Under this circumstance, our SAD approach advocates for
distilling the outstanding query states and action labels by
searching across the entire state and action spaces under the
random policy. Before proceeding, we first recall the defi-
nition of the optimal action in the problems of multi-armed
bandit (MAB) and MDP. For any query state s,, the optimal
action in the action space A for s, corresponds to the action
that maximizes the optimal Q-function, i.e.,

* A
anag(Sq) = argmax E [r(sq, a)], 4)
AEA N —
QRiag (89,0)
A o0
aypp(sq) = argmax E- Z’ytvﬂso =sq,a0=al, (5)
ac t=0

Qﬂpp(sq ,a)

where s, in (4) refers to the singleton state in the MAB prob-
lem, and 7* in (5) denotes the optimal policy in the MDP.

However, both ay; g and aypp are intractable to obtain
in our problem of interest for two reasons: (z) computing
the expectation in the Q-function demands to sample infinite
episodes; (47) one can only have access to the random policy,
instead of 7*. Therefore, we instead consider () stochastic
approximation that uses the average as the unbiased estimate
of the expectation due to the law of large numbers; (77) max-
imizing the return under the random policy.

Trustworthiness of the Random Policy

Subsequently, the crucial question arises: when can we
trust the random policy? We claim: The random policy is

probabilistically trustworthy for the MAB and MDP prob-
lems within a trust horizon. We formalize this claim for the
MAB and MDP respectively in this subsection, which relies
on the following assumption.

Assumption 1. The absolute value of the reward r(s,a) is
bounded by a positive constant B for all state-action pairs
in the MAB and MDP, i.e., |r(s,a)| < B,¥(s,a) € S x A.

Note that Assumption 1 is common in the literature (Azar,
Osband, and Munos 2017; Wei et al. 2020; Zhang, Du, and Ji
2021). In particular, in the case of finite state-action spaces,
it is always possible to design the reward to avoid the possi-
bility of being unbounded. With Assumption 1 established,
we first formalize the trustworthiness of the random policy
for the MAB problem in the following theorem.

Theorem 1 (MAB). Let Assumption 1 hold. Denote by s,
and a* the singleton state and optimal arm in the MAB prob-
lem. Consider a random policy w. Suppose that each arm
has been selected N times (N € N, trust horizon) under
. With probability at least 1 — 0, it holds that

1 & 1 &
¥ 2 (g0 | ™) > ae%@ﬁ*}ﬁZT(sq’“ | 7). (©6)
=1 =1

when the trust horizon N is greater than
8B?
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Proof. See Appendix B. ]

Theorem 1 implies that the trust horizon /N quantifies the
trustworthiness of the decision making under the random
policy 7w for MAB problems. Indeed, a larger N implies a
higher probability (smaller J) that the average reward of the
optimal arm under 7 exceeds that of the next-best arm, there-
fore, making a more reliable decision. We substantiate this
claim by empirical evidence (depicted in Figure 5).

In the practical implementation, we simply execute the
MAB under the random policy 7 until every action in the
action space A selected exactly IV times, discarding any ac-
tions that exceed the trust horizon /N. Subsequently, we se-
lect the action with the maximal average reward as the action
label for the singleton state. The detailed procedure for col-
lecting such action labels in MAB is outlined in Algorithm 2.

While the trustworthiness of the random policy in the
MAB problem has been established and discussed, the sce-
nario of the MDP presents a distinct challenge. To proceed,
we rely on the following assumption.

Assumption 2. Given a random policy m, assume that
argmax Qpypp(sq, @) = argmax Qpp(sq, a), Vsq € S.
acA acA
®)

It is worth noting that Assumption 2 holds in the MDP
problems like grid world navigation (Laskin et al. 2022),
which we consider for empirical evaluation in the Experi-
ments section of this paper. Specifically, the action derived



Algorithm 2: Collecting Query States and Action Labels un-
der Random Policy (MAB)

1: Require: Random policy 7, singleton query state s, ac-
tion space A, environment 7, empty average reward list
L., trust horizon N

2: Execute the MAB in 7 under the random policy 7 until

every action in A selected exactly N times, discarding

any actions that exceed the trust horizon N.

for a in [A] do

4:  Record the average reward associated with the action

a in the history, and add it to L,

5: end for

Obtain a; = A(argmax(L,))

7: Return (sq, a;)

e

a

from maximizing the return under the random policy be-
comes (nearly) equivalent to that guided by maximizing the
return under the optimal policy, as the maximal return in-
duced by both policies corresponds to navigating to the goal
as quickly as possible. We formalize this in Proposition 1
and provide a theoretical proof and empirical validation (re-
fer to Appendix B). Besides, we also acknowledge that As-
sumption 2 may not hold universally for all MDP problems,
and we leave its exploration for future research.

Having introduced Assumption 2, we are in conditions
of establishing the trustworthiness of the random policy for
MDP, which we formally state in the next theorem. To pro-
ceed, let us define

N
Quide (59, @) = Ex| >~ 47 (s1,a1)]50 = 54,00 = a| , (9)
t=0
1 Ny N
QMDP 8¢ @) =7~ ZZ r(st,ae)|s0 = sq, a0 = a 7T)
P j=1 t=0

(10)

where Qi (s,, a) is an unbiased estimate of Quidh (54, a)
and N, denotes the number of episodes.

Theorem 2 (MDP). Let Assumptions 1 and 2 hold. De-
note by a* the optimal action given s,. Consider a ran-
dom policy m as well as its Q-function Qypp. Consider
the trust horizon N > log, (rk(1 —~)/(2B)) — 1. Define

k= glé% (QlTlr/IDP(S(Iaa*) - I}Xle{X }QMDP(S(]a )> With
probability at least 1 — 9, it holds that

Am,N

4 , > ,a),Vsq €5, (11
Qupp(sq>a”) egl&{x }QMDP(SQ a), Vsq (11)

when the number of episodes N, satisfies
2 (1 — 4N +1)? (1+\/1—5>
ep — .
(5 (1=7) /(2B) =N +1)? 8
G

(12)
Proof. See Appendix B. 0

Theorem 2 implies that the trust horizon N quantifies
the trustworthiness of the decision making under the ran-
dom policy 7 for MDP problems. Notice that G in (12) is
monotonically decreasing with respect to the trust horizon N
when N > log, (x(1 —~)/(2B)) — 1 (see Lemma 2 in Ap-
pendix B). Thus, with a fixed number of episodes, a larger
N corresponds to a higher probability (smaller J) that the
average reward of the optimal action under 7 exceeds that
of the next-best action, indicating a more reliable decision.
This aligns with the intuition that a larger /N corresponds to
a closer approximation of the infinite-horizon MDP, where
the optimal action emerges under the random policy 7 (by
Assumption 2).

Algorithm 3: Collecting Query States and Action Labels un-
der Random Policy (Sparse-Reward MDP)

1: Require: Random policy 7, state space S, action space
A, environment T, trust horizon N

2: Setmin_step =N +1

3: while min_step > N do

Sample a query state s, ~ .S

5.  Empty a step list L

6: forain[A] do

7:

8

Nk

Initialize the state and action as so = s4, ag = a
Run an episode of IV steps in 7 under the random
policy 7, and terminate the episode early upon re-
ceiving a reward

9: Add consumed steps to L, (add “N + 17 if no re-
ward is received)
10:  end for

11:  min_step = min(Ly)
12: end while

13: Obtain a; = A(argmin(Ls))
14: Return (sg4, a;)

In the practical implementation, we present two versions
of pseudo-codes for the MDP with dense and sparse re-
wards. In the case of dense rewards, we randomly select
a query state from the state space and execute an episode
of N steps. Subsequently, we choose the action that max-

imizes QT (s, a) across the entire action space A. The
implementation details are summarized in Algorithm 5 (see
Appendix C). Furthermore, the MDP with sparse rewards
are generally more challenging to solve, as the agent does
not receive feedback from the environment at each step. For
any query state sq, our goal remains to select the action that

maximizes QMé\{,(sq, a). However, this approach may prove
ineffective if N is too small, as the agent may never reach
the goal, resulting in a return of O for all actions. To en-
hance the practicality in the implementation of the sparse-
reward MDP, we adopt a different strategy. Specifically, for
any query state s,, we prioritize actions that can achieve the
goal within NV steps, with the actions consuming fewer steps
being preferred. If no action can accomplish the goal within
N steps, we sample another query state until a qualified ac-
tion is identified. This action is then designated as the action
label associated with the query state s,. Details of this im-
plementation is outlined in Algorithm 3.



Having introduced the processes for collecting the con-
text, query state, and action label under the random policy,
we can now generate the pretraining dataset by integrating
the aforementioned procedures (refer to Algorithm 4). Given
the pretraining dataset, the model pretraining procedure as
well as the offline and online deployment for SAD are sum-
marized in Algorithm 6 (see Appendix C).

Algorithm 4: State-Action Distillation (SAD) under Ran-
dom Policy

1: Require: Empty pretraining dataset D with size |D],
pretraining environment distribution 7y, random pol-
icy m, context horizon length 7', state space .S, action
space A, trust horizon N
2: for 7 in [|D|] do
Sample an environment 7 ~ Tiin
4:  Collect the context C under the environment 7 and the
random policy 7 through Algorithm 1

5:  Collect the query state s, and the action label a; under
the environment 7 and the random policy 7 through
Algorithm 2 for MAB (Algorithm 3 for sparse-reward
MDP, Algorithm 5 for dense-reward MDP)

6:  Add (C, sq,a;) to the pretraining dataset D

end for

8: Return D

w0

~

Performance Guarantees
In this subsection, we provide theoretical guarantees of our
SAD approach. Theorems 1 and 2 imply the probability
of SAD selecting the optimal action within a trust hori-
zon. Then inspired by DPT, the trajectories generated by
SAD take the same distribution as those produced by a well-
specified posterior sampling (Osband, Russo, and Van Roy
2013) with a high probability. We formalize this claim in the
following corollary.
Corollary 1. Let hypotheses of Theorems 1 and 2 hold. De-
note by | the length of the trajectory. For any environment
T and history data H, SAD and the well-specified posterior
sampling follow the same trajectory distribution with prob-
ability (1 — 6)"!
Pr, (trajectory|T, H) = Pys(trajectory|r, H), Vtrajectory.
(13)
Proof. See Appendix B. g
Having established the corollary above, we next inves-
tigate the regret bound of SAD in the finite MDP setting
(see details in Appendix B). Consider the online cumula-
tive regret of SAD over K episodes in the environment 7 as
Regret_(Fp) = S V(%) = Vi (my), where 7y, (- | 51) =
Fo(- | Ck—1, s¢). Then, the regret bound of SAD is formally
stated as follows.

Corollary 2. Let hypotheses of Theorems 1 and 2 hold.
Given the environment T and a constant B’ > 0, suppose
that SUp, Trest(T)/ Twain(T) < B'. In the finite MDP with
horizon T, it holds with probability (1 — §)X7T" that

E7., [Regret (Fy)] < O(B'|S|T??\/K|A]).  (14)
Proof. See Appendix B. 0

Experiments

In this section, our empirical results on five ICRL bench-
mark environments (Gaussian Bandits, Bernoulli Bandits,
Darkroom, Darkroom-Large, Miniworld) substantiate the
efficacy of our proposed SAD method. The setup of these
environments are deferred to Appendix D.

We compare our proposed SAD approach with three
SOTA ICRL algorithms: AD, DPT, and DIT in the afore-
mentioned benchmark environments (see details in Ap-
pendix D), and consider the DPT with optimal action labels
(DPT*) as the oracle upper bound of SAD. Since all these
methods are FM-based, we employ the same transformer ar-
chitecture (causal GPT2 model (Radford et al. 2019)) and
hyperparameters (number of attention layers, number of at-
tention heads, embedding dimensions, etc) across all exper-
iments to ensure a fair comparison. The main hyperparam-
eters employed in this work are summarized in Tables 1-2
(refer to Appendix D).

In all experiments, we employ a uniform random policy to
collect context, query states, and action labels, as indicated
in Algorithms 1-5. Then, we pretrain and (offline/online) de-
ploy the FM as presented in Algorithm 6 (see Appendix C).
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Figure 2: Offline and online evaluations of ICRL algorithms
trained under a uniform random policy: AD, DPT, DIT,
DPT*, and SAD (ours). Each algorithm contains four in-
dependent runs with mean and std. Environment: Gaussian
Bandits (top row), Bernoulli Bandits (bottom row).

Bandits. We adhere to offline and online evaluation met-
rics for Bandits established in (Lee et al. 2024). In the of-
fline evaluation, we utilize the suboptimality over different
context horizon, defined by fig+ — g, Where pg+ and pq
represent the mean rewards over 200 test environments of
the optimal arm and the selected arm, respectively. In on-
line evaluation, we employ cumulative regret, defined by
ZZ:O (tq> — pa, ), where a; denotes the selected arm at time
t. The top row of Figure 2 demonstrates that our SAD ap-
proach significantly outperforms three SOTA baselines un-
der uniform random policy, by achieving much lower sub-
optimality and cumulative regret. More specifically, let us



define the performance improvement of SAD over base-
lines in the offline evaluation by (suboptimalitypaseline —
suboptimalitysap)/suboptimalitysap. Likewise, the per-
formance improvement in the online evaluation is to sim-
ply replace the suboptimality by cumulative regret. Then,
SAD surpasses the best baseline, DIT, by achieving 354.0%
performance improvements in the offline evaluation and
273.9% in the online evaluation (refer to the first row of
Tables 3 and 4 in Appendix D). To evaluate the out-of-
distribution performance of SAD compared to other base-
lines, we test the models pretrained by all methods on
the Gaussian Bandits and assess their performance on the
Bernoulli Bandits with no further fine-tuning. The bottom
row of Figure 2 illustrates that SAD still achieves lower
suboptimality and cumulative regret than all other baselines,
demonstrating a more robust performance in handling out-
of-distribution scenarios. More specifically, SAD surpasses
the best baseline, DIT, by 289.5% in the offline evaluation
and 313.9% in the online evaluation (refer to the second row
of Tables 3 and 4 in Appendix D).

In the environments of Darkroom and Miniworld, we use
return as the evaluation metric. Moreover, we define the per-
formance improvement of SAD over the baseline method
in both offline and online evaluations by (Returnsap —
Returnbaseline) /Returnbaseline-
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Figure 3: Offline and online evaluations of ICRL algorithms
trained under a uniform random policy: AD, DPT, DIT,
DPT*, and SAD (ours). Each algorithm contains four inde-
pendent runs with mean and std. Environment: DarkRoom
(top row), DarkRoom-Large (bottom row).

Darkrooms. Figure 3 demonstrates that our SAD ap-
proach significantly outperforms three SOTA baselines in
the Darkroom and Darkroom-Large under uniform random
policy, by achieving much higher return. In the Darkroom,
SAD surpasses the best baseline, DIT, by 149.3% in the of-
fline evaluation and 41.7% in the online evaluation (refer to
the third row of Tables 3 and 4). Likewise, in the Darkroom-
Large, SAD outperforms the best baseline, DIT, by 266.8%
in the offline evaluation and 24.7% in the online evaluation

(refer to the fourth row of Tables 3 and 4 in Appendix D).
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Figure 4: Offline and online evaluations of ICRL algorithms
trained under a uniform random policy: AD, DPT, DIT,
DPT*, and SAD (ours). Each algorithm contains four inde-
pendent runs with mean and std. Environment: Miniworld.

Miniworld. Figure 4 demonstrates that our SAD approach
outperforms the three SOTA baselines in the Miniworld un-
der uniform random policy, by achieving a higher return.
More specifically, SAD surpasses the best baseline, DIT, by
122.1% in the offline evaluation and 21.7% in the online
evaluation (refer to the fifth row of Tables 3 and 4 in Ap-
pendix D).

Tables 3 and 4 also imply that SAD significantly outper-
forms all baselines on average across the five ICRL bench-
mark environments. In the offline evaluation, SAD exceeds
the best baseline DIT by 236.3% on average, the second-
best DPT by 2015.9%, and the third-best AD by 2075.2%.
In the online evaluation, SAD surpasses DIT by 135.2%,
DPT by 3093.8%, and AD by 3208.8% on average. In ad-
dition to comparing SAD with the three SOTA ICRL algo-
rithms under the uniform random policy, we also include the
empirical performance of the DPT with optimal action la-
bels (DPT™) as the oracle upper bound of SAD. We observe
that SAD demonstrates performance comparable to DPT* in
tasks such as Gaussian Bandits, Bernoulli Bandits, Dark-
Room, and DarkRoom-Large. Although Miniworld intro-
duces challenges due to its pixel-based inputs and complex
environments, SAD under the random policy still achieves
approximately 50% of the performance of DPT*. Overall,
SAD is within 18.6% of the performance of DPT* in the of-
fline evaluation across the five ICRL tasks, and within 12.3%
in the online evaluation (see details in Tables 3 and 4).

Ablation Studies

Trust Horizon. Theorems 1 implies that the uniform ran-
dom policy is probabilistically trustworthy within a hori-
zon N, with monotonically increasing probability of select-
ing the optimal action with N in the MAB problem. We
substantiate this observation from the theorem by empiri-
cal evidence, as presented in Figure 5 (left). Furthermore,
we conduct empirical investigations into the influence of the
trust horizon N on the performance of the MAB problem,
which considers the environments of Gaussian Bandits. As
expected, a larger N in the MAB problem leads to a better
performance (see top row of Figure 6).

We then shift to the MDP problem with the environment
of Darkroom. Notice that in our practical algorithm for the
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Figure 5: The accuracy (probability) of selecting the optimal
action in the MAB and MDP with varying trust horizon N.
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Figure 6: Offline and online evaluation of SAD with varying
trust horizon N for MAB (top row) and MDP (bottom row).
Each N contains four independent runs with mean and std.

sparse-reward MDP like Darkroom (Algorithm 3), we only
utilize the state-action pairs that can reach the goal within
a trust horizon. Therefore, we solely record the probabili-
ty/accuracy of selecting the optimal actions on those states,
as presented in Figure 5 (right). It shows that the accu-
racy monotonically decreases with respect to [V, which ide-
ally should lead to monotonically decreasing performance
as well. However, we note that this is not the case. In partic-
ular, large trust horizon N in the MDP leads to the low accu-
racy of selecting the optimal action, whereas small N may
induce the partially short-sighted training of FM, as Algo-
rithm 3 solely trains on the states at most IV steps from the
goal, instead of all states (refer to Figure 7). Our numerical
results in the bottom row of Figure 6 validate this with the
fact N = 7 performing best, and provide the empirical evi-
dence that either an excessively large or small trust horizon
can lead to suboptimality.

Transformer Hyperparameters. We aim to validate the
robustness of our proposed SAD approach with respect to
the hyperparameters in the transformer block. Concretely,
we focus on the number of attention heads and attention
layers, as they have large impacts on the model size of the
transformer. As depicted in Figure 8, our empirical results in
Darkroom demonstrate a robust performance across varying
numbers of attention heads and attention layers.
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Figure 7: The minimal number of steps required for a query
state to reach the goal (the golden star). Left: goal in the
upper-right corner. Right: goal in the middle.

Offline Evaluation

Online Evaluation

30
40 i Al D it
25
E20 E30
215 2 {
o |
—— 2 heads
i B B I =
0 ~—— 4 heads
2 heads 3 heads 4 heads 0 5 10 15 20 25 30 35 40
Episode
30 Offline Evaluation Online Evaluation
e ol sl B
25 40 (
E20 E30
=3 3
g1 £ 20
4 o
10 10 — 2layers
5 —— 3layers
—— 4 layers
0 0
2 layers 3 layers 4 layers 0 5 10 15 20 25 30 35 40

Episode

Figure 8: Offline and online evaluations of SAD with dif-
ferent transformer hyperparameters: the number of atten-
tion heads (top row), the number of attention layers (bottom
row). Each hyperparameter contains four independent runs
with mean and std.

Conclusion

In this work, we propose State-Action Distillation (SAD),
a novel approach for generating the pretraining dataset for
ICRL, which is designed to overcome the limitations im-
posed by the existing ICRL algorithms like AD, DPT, and
DIT in terms of relying on well-trained or even optimal poli-
cies to collect the pretraining dataset. SAD leverages solely
random policies to construct the pretraining data, signifi-
cantly promoting the practical application of ICRL in real-
world scenarios. We also provide the quantitative analysis of
the trustworthiness as well as the performance guarantees of
SAD. Moreover, our empirical results on multiple popular
ICRL benchmark environments demonstrate significant im-
provements over the existing baselines in terms of both per-
formance and robustness. Nevertheless, we note that SAD
is currently limited to the discrete action space. Extending
SAD to handle the continuous action space as well as more
complex environments presents a promising direction for the
future research.
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Appendix A: Related Work
Offline Reinforcement Learning

In contrast to the unlimited interactions with the environment in online RL, offline RL seeks to learn optimal policies from a
pre-collected and static dataset (Fujimoto et al. 2019; Levine et al. 2020; Kumar et al. 2020; Kostrikov, Nair, and Levine 2021;
Chen, Mishra, and Paternain 2024). One of the critical challenges in offline RL is with bootstrapping from out-of-distribution
(O0OD) actions (Levine et al. 2020; Kumar et al. 2020; Xu et al. 2022a; Liu et al. 2024) due to the mismatch between the
behavior policies and the learned policies. To address this issue, the current SOTA offline RL algorithms propose to update
pessimistically by either adding a regularization or underestimating the Q-value of OOD actions.

Autoregressive-Supervised Decision Making

In addition to the traditional offline RL methods, autoregressive-supervised mechanisms based on the transformer architec-
ture (Vaswani 2017) have been successfully applied to offline decision making domains by their powerful capability in sequen-
tial modeling. The pioneering work in the autoregressive-supervised decision making is the Decision Transformer (DT) (Chen
et al. 2021). DT autoregressively models the sequence of actions from the historical offline data conditioned on the sequence
of returns in the history. During the inference, the trained model can be queried based on pre-defined target returns, allow-
ing it to generate actions aligned with the target returns. The subsequent works such as Multi-Game Decision Transformer
(MGDT) (Lee et al. 2022) and Gato (Reed et al. 2022) have exhibited the success of the autoregressive-supervised mechanisms
in learning multi-task policies by fine-tuning or leveraging expert demonstrations in the downstream tasks.

In-Context Reinforcement Learning

However, both traditional offline RL and autoregressive-supervised decision making mechanisms suffer from the poor zero-
shot generalization and in-context learning capabilities to new environments, as neither can improve the policy, with a fixed
trained model, in context by trial and error. In-context reinforcement learning (ICRL) aims to pretrain a transformer-based FM,
such as GPT2 (Radford et al. 2019), across a wide range of pretraining environments. During the evaluation (or inference),
the pretrained model can directly infer the unseen environment and learn in-context without the need for updating model
parameters. The SOTA ICRL algorithms including AD (Laskin et al. 2022), DPT (Lee et al. 2024) and DIT (Dong et al.
2024) have demonstrated the potential of the ICRL framework. Nevertheless, each of these methods imposes distinct yet strict
requirements on the pretraining dataset e.g., requiring well-trained (or even optimal) behavior policies, the context to be episodic
and/or substantial, which significantly restrict their practicality in real-world applications. Accordingly, mastering and executing
ICRL under (e.g., uniform) random policies and random contexts remains a crucial direction and a critical challenge.



Appendix B: Omitted Proofs
Proof of Theorem 1

Theorem 1 (MAB). Let Assumption 1 hold. Denote by s, and a™ the singleton state and optimal arm in the MAB problem.
Consider a random policy . Suppose that each arm has been selected N times (N € N, trust horizon) under m. With
probability at least 1 — ¢, it holds that
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We note that the two inequalities above are the sufficient but not necessary conditions for % Zivzl r(sq,a* | ™) >

% Zf\il r(8q,a | ) to hold.
Therefore, we simply obtain that
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where the last equation follows from the fact that each arm is independent to other arms. We then lower bound the two proba-
bilities in the previous expression using Hoeffding’s inequality (Hoeffding 1994).
Since Assumption 1 implies that r(-, -) € [—B, B], Hoeffding’s inequality yields
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Likewise, we have
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where the last inequality follows from the monotonicity.
To make the previous probability greater than 1 — §, we require
N (E - E 2\’
r(sq,a*)] — ma 1 E[r(sq,a
L exp (Y (Blrlg )]~ mioeangory Bl a)) Y Ly 55
8B2
Hence, we require the trust horizon N to satisfy
8B? 1+vV1-4¢
N > 2log( +5 ) (36)
(E[r(sq, a*)] — max,e 4\ o<} E[r(sq, a)])

This completes the proof.



Validation of Assumption 2 in the grid world MDP

For the sake of simplicity and without loss of generality, we consider a single-dimensional grid world MDP with the under-
standing that Assumption 2 holds for the two-dimensional grid world MDP as well, which is considered in our numerical
experiments. The environmental details of the single-dimensional grid world MDP can be found in Figure 9. To proceed, we
rely on the lemma below, and Assumption 2 is then validated by Proposition 1 that follows.

So S1 S2 S3 Sa

do a1

Figure 9: A single-dimensional grid world MDP comprising five states {so, $1, S2, 3, S4}, Where s represents the goal state
(golden star). The environment offers two possible actions: aq that corresponds to moving left, and a; that corresponds to
moving right. Crossing the boundaries is strictly prohibited. Any transitions that would result in boundary crossing will be
confined to the current position. The reward structure is sparse, with a value of 1 received solely upon reaching the goal state
so and a value of 0 otherwise (see Figure 10 (left)). We consider an infinite time horizon with a discounter factor .

Lemma 1. Consider the MDP of a single-dimensional grid world with S = {sg, s1, $2, 83, S4} and A = {ag, a1}, as depicted
in Figure 9. Consider the random policy m in Assumption 2. It holds that

Viior(80) > Vigpp(s1) > Vigpp(s2) > Vigpp(s3) > Vigpp(s4)- 37

Proof. For simplicity, we consider 7 to be a uniform random policy, i.e., P(ag | s) = P(a1 | s) = 0.5, Vs € S. Recall the
Bellman expectation equation

Vaipe () = Z m(a | s)(r(s,a) +vEs Vyipp(s')) - (38)
acA

By combining the previous Bellman expectation equation with Figure 9 yields

Vaipp(s0) = 3 (7(s0, a0) +YVaipp(s0) + 7(s0, a1) + ¥ Vaipp(s1)) »

Vaipe(81) = % (7(s1,a0) +YWipp(s0) + 7(s1,a1) + YWipp(s2))

Viiop(52) :%(r(32, ao) + v Waipp(s1) + 7(s2,a1) + v Viipp(s3)) , (39)
Vaiop(53) = 5 (r(s3,a0) + vVyipp(s2) + 7(s3,a1) + ¥ Vyipp(s4)) ,

Vaiop(s4) = 5 (r(s4,a0) +YVaipp(s3) 4 7(s4, a1) + ¥ Viipp(s4)) -

Substituting all rewards from Figure 10 (left) into the previous equations yields

Varop(50) = 5 (14 vVaiop(s0) + 7 Vaiop(51)) ,

Varop(51) = 5 (14 vVaiop(50) + 7 Vaiop(52)) ,

Vaioe(52) = 5 (YWaiop(s1) + 7 Vatpe(53)) » (40)
Vaioe(53) = 3 (YWatop(52) +7Vatpe(54)) »

Vaiop(s4) = 5 (7Vaipe(83) + 7 Vaipe(s4)) -

Given vy € (0, 1), the last equation of (40) implies that
9 _

Vaipp(s3) = TVMDP(S4) > Viipp(s4)- 41)

Then, the fourth equation of (40) yields
Vaipp(s52) = %VI\ZITDP(S3) — Viipe(s4) (42)
> Vifon(s2) ~ ioe(2) @3)

> Vyipp(83)- (44)



Likewise, the third equation of (40) can be rewritten as

Waipp(s1) = %VI\ZITDP(SQ) — Vaiop(53) (45)
> Viion(s2) ~ ioe(2) 46)
= Vyipp(s2)- (47)
Combining the previous inequality with the first two equations of (40) directly yields
Vaipe(s0) = Vaipp(s1)- (48)
This completes the proof. -

Proposition 1. Consider the MDP of a single-dimensional grid world with S = {sg, $1, S2, 83,84} and A = {ag,a1}, as
depicted in Figure 9. Consider the random policy T in Assumption 2. It holds that

argmax Qypp(s,a) = argmax Qypp(s,a), Vs € S. (49)
acA acA

Proof. By the definition of Qy;pp and 7* we obtain

Qvipp (5, @) = Qhipp(s,a), V(s,0) € S x A. (50
Since the objective of the agent in Figure 9 is to reach the goal state as quickly as possible, and stay still, 7*(s) is given by
7 (s) = ag, Vs € S. (51)
Moreover, we have
arggqax Qyvpp(s,a) = argenilax QFpp(s,a) = 7*(s) = ag, Vs € S. (52)

We then turn to consider the learning of Q-function under the random policy 7. For simplicity, we consider 7 to be a uniform
random policy, i.e., P(ag | $) = P(ay | s) = 0.5, Vs € S.
We next prove that Qfipp(s, a0) > QTpp(s, a1), Vs € S. We start with the state sq. Notice that

Qupp(80, a0) = 7(50,a0) + vWyipp(s0) = 1 +7Viipp(s0), (53)
Qupp (505 a1) = (50, a1) +vVypp(s1) = YViipp(51)- (54
Lemma 1 implies that Viipp(so) > Vyipp(s1)- The previous equations then directly indicate
QIT\r/[DP(Smao) > Q{\‘—/IDP(SOaal)- (55)
For the state s;, we have
Qupp(81,a0) = 7(s1,a0) + 7Wyipp(s0) = 1 +7Viipp(s0), (56)
Qupp (51, a1) = r(s1,a1) +vVypp(52) = YWiipp(s2)- (57)
Lemma 1 implies that Viipp(so) > Vyipp(s1) > Vyipp(s2). Then it holds that
QIT\r/IDP(Slva'O) > Qf\r/[])p(sla al)- (58)
For the state so, we have
Qupp (52, ao) = 7(s2,a0) + vWyipp(51) = 7Wiipp(51), (59)
Qupp(82; a1) = 7(s2,a1) + vVyipp(s3) = 7Viipp(3)- (60)
Employing Lemma 1 directly yields
Qup(52,a0) > QYpp(s2,a1). (61)
For the state s3, we have
Qupp(83; a0) = 7(83,a0) + vViipp(s2) = 7Viipp(s2), (62)

Qupp(83,a1) = (83, a1) +7Vypp(51) = 7Viipp(54)- (63)



Employing Lemma 1 directly yields

Qnp (83, a0) = Qupp(ss, a1). (64)
Last but not least, for the state s4, we have
Qupp(51; a0) = 7(s1,a0) + vVyipp(s3) = 7YWiipe(3), (65)
Qupp (84, a1) = 7(s4,a1) + YVaipe(s4) = YViipp(s4)- (66)
Employing Lemma 1 directly yields
Qupp (84, a0) = Qpp(s4, ar). (67)
Hence we obtain
argg‘ax Qupp(s,a) = ag, Vs € S. (68)
and then
argmax Qupp(s,a) = ag = argmax Qypp(s,a), Vs € S. (69)
a€A acA
This completes the proof. .

Empirical validation of Assumption 2 in the grid world MDP. In addition to the theoretical proof above, we also provide
an empirical validation of Assumption 2 in the grid world MDP in Figure 9.
We start by considering the Bellman expectation equation

Q;\T/IDP(Sa CL) = T(Sa CL) + ’YELL/ [Q;\r/[DP(S/a a/)] ) V(S,a) € S X A (70)
Let us define the temporal-difference (TD) error as follows
E(s,a) = |r(s,a) + YEu [QTpp(s’,a")] — Qfpp (s, a)|, V(s,a) € S x A. (71)

With the understanding that the TD error £(s, a) of Qfpp(s, a) is zero, we iteratively learn and update Qfjpp(S, @) by mini-
mizing the TD error. To that end, we consider v = 0.99 and a convergence threshold e = 107 (can be arbitrarily small). We
initialize Qfpp(s, a) to be full of zeros as in Figure 10 (middle). Subsequently, we consistently update Qfpp(s, @) under the
uniform policy 7, until convergence as follows

E(s,a) <eg, V(s,a) € S x A (72)

Empirically, we observe that the Q-table Qf;pp(s, a) converges after the 1216" iteration; demonstrated in Figure 11. As
depicted in Figure 10 (right), the convergent Qfipp(s, @) implies that the optimal action for any state under the uniform policy
T is ag (see the golden stars), i.e.,

argmax Qypp(s,a) = ag, Vs € S. (73)
acA
Hence we obtain
argmax Qupp(s,a) = ap = argmax Qypp(s,a), Vs € S. (74)
a€A acA

This validates Assumption 2 empirically.
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Figure 10: Left: reward table. Middle: initial Q-table. Right: convergent Q-table under the uniform policy 7.
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Figure 11: The learning curve of the maximal TD error of QFpp(s,a) over the entire state-action spaces:
max(s,a)esxa [1(s;a) + VEa [Qfpp(s’, a’)] — Qipp(s, a)-



Proof of Theorem 2
Theorem 2 (MDP). Let Assumptions 1 and 2 hold. Denote by a* the optimal action given s,. Consider a random
policy T as well as its Q-function Qfypp. Consider the trust horizon N > log. (k(1 —7)/(2B)) — 1. Define k =

min (Q}\T,,Dp(sq, a*) — max  QFpp(Sqs a)). With probability at least 1 — ¢, it holds that
sq€S8 acA\{a*}

A, N Am,N
,a ) > ) ,a), Vsq €9, 75
wipp(Sq,a”) = aeljf‘l\éﬁ*} Quipp(Sq, @), Vsq (75)

when the number of episodes N,, satisfies

2 (1 —AN+1)? 1+VI=6
N, > (1=~ _log <+> . (76)
(k(1=7)/(2B) —yN*1) 0
Proof. For any actiona € A\ {a*}, let us define
N ]
Qupp(sq,a) =E lz V'r(se,ar) | so = sq.a0 = a| +E Z V'r(sear) | s0 = sq,a0 = a], (77)
=0 t=N+1
Qlip (5450) &a
N oo
QI‘I\T/[DP(S%Q*) =E Z’ytr(staat) | S0 = S¢,a0 = a* +E Z ’Vtr(shat) | S0 = Sq,00 = a*‘| . (78)
=0 t=N+1
Quibp (50,07 €ar
Then Vs, € 5,
wibp (5q: @) = QRipp(sq: @) (79)
= QUpp(8¢,a") — &a — (QRpp(Sq, @) — &) (80)
= Qupp(5¢;@") — Qupp(54, @) +&a — Eax (81)
= Qfipp(54,0") — Qhpp(sg, ) + Y A" (E[r(se,ar) | s0 = sq,a0 = a] =E[r(si,ar) | s0 = sg,00 = a*])  (82)
t=N+1
(a) . 28
= Qupp(sg,a”) — Qupp(sq, @) — VNHm (83)
} 2B
= Qupp(sq,a") — e h Ly Qe (sq; @) — 'VNHG (84)
> min [ Qfpp(8q, ") — max  Qfpp(sq,a) | — 'yN'Hﬁ (85)
= i | e (8o e is .y @mpp(Sa: -
® N4 2B 7 (86)
L=n
(©
< 0. 87)

where (a) follows from Assumption 1 and the properties of geometry series, (b) follows from the definition of «, (c) is due to
N >log, (k(1 —~v)/(2B)) — 1. Therefore, let us consider two positive constants as follows

m,N * T, N
€1 = ( Mpp(Sq, a”) — MDP(SQ7a)) ] (88)
&2 = (1- ) (Qfipp(s4:0") ~ Qfipe(s4:0)) (89)
where « € [0, 1]. Consider the following two inequalities

Quive(54:a) > Quipp(sq,a*) — €1, (90)
MDP(5q7 a) < QMDP(SQ7 a) + ez on



We acknowledge that (90) and (91) are the sufficient but not necessary conditions for Q{\T,[’é\]’,(sq, a*) > Q]’\T,fé\]],(sq7 a) to hold.
Thus,

P (Q5idh(sara®) = Qfip(s4,a) ©2)
> P (Q&’g,(sq,a*) 2 Q;\r/l’é\lrﬁ(sqva*) — €1, Q;\rA’[])\;(qua) < Qf/flﬁ)(sqa a) + 62) (93)
— P (Qfidpls0:a") = Qidi(sn0) — 1) - P (Qfide s> ) < Qfio(sa0) + 2) ©4)

where the last equation follows from the fact that each action is independent to other actions.

Assumption 1 implies that Zi\f:o (v'r(se,at) | so = sq,a0 = a,m) € [-B 1*1”};1 , B 1*17:\;“ ],Va € A. We therefore lower
bound the two probabilities in the previous expression using Hoeffding’s inequality (Hoeffding 1994)

R N..e2
P (Qf\%\l])(sq, a*) — Q&’é\;(sq,a*) > —61> >1—exp e (95)
op? (1)’
(5=)
A, N T, N Nepfg
P (QMDP(Sqa a) — Quipp(sq,a) < 62) >2l-exp| ——7—""—= (96)
op2 (1)’
(557)
Then, it holds for any « € [0, 1] that
P (QGidh(sasa”) = Qlip(s4, ) ©7)
Nepe? N, €2
> |1—exp _—p612 | 1—exp ——p622 (98)
2B2 (1_1,YN+1) 2B2 (1_1,YN+1>
— —
2 2
m, N * m, N m,N * 7, N
- (4 NepO‘2 <QMDP(5qaa ) — QMDP(Sqaa)) ) Nep(1 — a)? (QMDP(Sqaa ) — QMDP(qua))
= — exp — . — exp —
2132 (71‘11“1)2 2132 (71‘11“1)2
¥ v

99)
Notice that the maximal value of the previous expression with respect to « reaches at « = 0.5. Then it holds that

2 2
T, N * ,N
Nep (QMDP(Sqa a*) — Quipp (g a))

8 B2 (ﬂ)Q

P (Qfibe(s0:0) = Qfide(sa @) = [ 1= exp | = Vae A\ {a*}.  (100)
1—n
Since the previous inequality holds for any a € A \ {a*}, let us define
a = argmax QU (sq, a). (101)
a€A\{a*}

Then it also holds that

2
w,N * w,N ~
A N . Ar N Nep (QMDP(qua ) — QMDP(qua))
P Qupp(sq:a”) =2 max  Qupp(sg,a) ) = [ 1—exp [ - > (102)
acA\{a*} SRB2 (1_,YN+1>

1=y

N N 2\ \ >
Nep (Q;{bp(sqv a*) — max,e a\{a+} Quipp(Sqs a))

w2 () (1(;3)

v

1—exp | —

where the last inequality follows from the monotonicity and the fact that Q;\T/I’g,(sq, a*) — Q;\T,[’é\;(sq, a) > 0,Ya € A\ {a*}.



Let us define

a= argmax Quib(sq,a).
acA\{a*}

Then Vs, € S we obtain

m,N * T,N
Q S5¢,6°) — max @ Sq, @
Mbp(Sq, ") aeA\fZ*} Mpp(Sq> @)

(@) N N _
= I‘I\T/IDP(qu a*) — Q{\T/[DP(S% a)

Y Qfiop (50, 4) = Ear — (Qfipp(54 @) — &)
= Qupp (8¢, ") — Qupp (8¢, @) + &a — -

oo

= Qfip(54:0™) = QRipp(5: @) + Y 7' (E[r(se,ar) | s0 = 54,00 = a] — E [r(s1,a1) | 50 = 54,00 = a])

t=N+1

© T * T — 2B
> Qup (8¢, ") — Qupp(Sq, @) — VNHS
(d) 2B
> QFpp(sq,a*) — max  QFpp(sq,a) — YN T ——

Mpp (5q: @) AV lor) e (Sq: @) 11—~
> min | Qypp(Sq,a™) — max  Qlpp(sq,a) | — nyHﬂ
= sges \ cMPPATD a€A\{ax) MPPATD 1—7

e 2B
(:)K;_,YN+17
1—7v

)
S0,

(104)

(105)

(106)

(107)
(108)

(109)

(110)

(111)

(112)

(113)

(114)

where (a) follows from the definition of @, (b) follows from the definition of Qfjpp, (¢) follows from Assumption 1 and the
properties of geometry series, (d) follows from the fact that @ may not be the maximizer of Qfpp(sq, -), (€) follows from the

definition of &, (f) is due to N > log,, (x(1 —v)/(2B)) — 1.

Consequently, (103) is monotonically increasing with Q;,[’é\lf,(sq, a*) — MaXqe A\ {a*} Ql’\%\lf)(sq, a). Substituting the previous

inequality into (103) and by the monotonicity yields

acA\{a*

P ( A&’é\lf,(sq,a*) >  max }Q&’é\{g(sma)) >|1—exp|—

To make the previous probability greater than 1 — §, we require

1=y

8 B2 (ﬂ)Q

1=y

2
Nep (/4: _ 7N+1£>

1l—exp| —

Thus,

Nep > log < 5

(k (1 —7)/(2B) — 4N +1)?

This completes the proof.

1N+ 2
1+\/15) 8132(17_77

2B
(K B IYNH 1—v

2 (1 —AN+1)? 1Og<1+\/1—5>
el

(115)

(116)

(117)

(118)



Technical Lemma
Lemma 2. Given N > log,, (rx(1 —~)/(2B)) — 1, G1 in (12) is monotonically decreasing with respect to the trust horizon N.
Proof. We proceed by defining Y = (1 —v)/(2B). Since N > log,, (x(1 —)/(2B)) — 1, we can obtain

K(1—7) N+1
Y=+~ 1]. 119
55 € (] (119)
Let Z = N + 1, and then we can rewrite G as
2(1—~%)?
Gy = <77)2 where Y € (77, 1]. (120)
(Y —+%)

The chain rule implies that

oG, 9G, 07

ON ~— 9Z ON e
oG,
= — 122
97 (122)
_NZN\ _~Z _ Az AN
(1= 7 logy(Y —~7) + (1 = v7)y" logy (123)
v 2P
_~Z z _
(1= YT legy(1 - Y) (124)
V=rZ) ¥ 2P
<0, (125)
where the last inequality follows from v € (0,1] and Y € (72, 1].
This completes the proof.
]

Proof of Corollary 1

Corollary 1. Let hypotheses of Theorems 1 and 2 hold. Denote by | the length of the trajectory. For any environment 7 and
history data H, SAD and the well-specified posterior sampling follow the same trajectory distribution with probability (1 — §)"

Py, (trajectory | 7, H) = P, (trajectory | 7, H), Vtrajectory. (126)

Proof. To proceed, we rely on the following assumption.
Assumption 3. Denote by Fy the pretrained FM. ¥(C, s4), assume Pyin(a | C,s4) = Fo(a | C, sq) forall a € A.

Note that Assumption 3 is a common assumption in the in-context learning literature (Xie et al. 2021; Lee et al. 2024),
assuming that the pretrained FM fits the pretraining distribution exactly provided with sufficient coverage and data, where the
SAD fits with a sufficiently large trust horizon N.

With Assumption 3 established, Theorem 1 of (Lee et al. 2024) implies that (126) holds when the optimal action is selected
at each step. In addition, Theorems 1 and 2 indicate that the FM trained by SAD selects the optimal action label with probability
1 — ¢ at each step. Consequently, (126) holds for SAD with probability (1 — §)".

This completes the proof. ]

Finite MDP setting from (Osband, Russo, and Van Roy 2013)

Let us consider the finite MDP setting as in (Osband, Russo, and Van Roy 2013), where E[r(s;, a;)] € [0, 1]. Denote by S, A, T
the state space, action space, and time horizon. Consider the uniform random policy 7 for sampling the context C and query
state s4. Denote by Tiest(7) and Tiin (7) the test and pretraining distribution over the environment 7, respectively. Consider the
online cumulative regret of SAD over K episodes in the environment 7 as

K
Regret, (Fg) 2 Y Vi (n2) — Vi (m), (127)
k=0

where 71 (- | 8¢) = Fa(- | Cr_1, 5¢)-



Proof of Corollary 2

Corollary 2. Ler hypotheses of Theorems 1 and 2 hold. Given the environment T and a constant B’ > 0, suppose that
SUP, Trest(T)/ Torain(7) < B'. In the finite MDP setting above, it holds with probability (1 — §)X7 that

[Regret (Fy)] < O(B'|S|T%?\/K|A]). (128)

Proof. Theorems 1 and 2 imply that the FM trained by SAD selects the optimal action label with probability 1 — § at each
step, while the finite MDP setting above comprises K - T steps. Therefore, it holds with probability (1 — §)%7 that the trained
FM Fy is equivalent to the posterior sampling established in Corollary 1. Then, it follows directly from Corollary 6.2 of (Lee
et al. 2024) that with probability (1 — §)%7 it holds that

Et,, [Regret, (Fy)] < O(|S|T3/2\/K|A]), (129)

where the notation @ omits the polylogarithmic dependence. Subsequently, by using the bounded likelihood ratio between the
test and pretraining distributions yields

ET,

test

Er., [Regret (Fp)] = / Teest(T)Regret_(Fp)d(7) (130)
<B / Toun(7)Regret, (Fy)d(7) (131)
= B'Er.,, [Regret_(Fp)] (132)
< O(B'|S|T*?\/K|A]). (133)

This completes the proof.
(]



Appendix C: Implementation Details
Pseudo-codes
We provide below the pseudo-codes that are omitted in the main body of the paper.

Algorithm 5: Collecting Query States and Action Labels under Random Policy (Dense-Reward MDP)

Require: Random policy 7, state space .S, action space A, environment 7, trust horizon N, empty return list L,
Sample a query state s; ~ .S
for a in [A] do
Initialize the state and action as so = s4, ap = a
Run an episode of IV steps in 7 under the random policy 7
Add the discounted episodic return to L,
end for
Obtain a; = A(argmax(L,))
Return (s,, a;)

R A A

Algorithm 6: Pretraining and Deployment of SAD (Inspired by (Lee et al. 2024))

1: Require: Pretraining dataset D, initial model parameters 6, test environment distribution 7, number of episodes Ng
2: // Model pretraining
3: while not converged do
4:  Sample (C, s4, a;) from the pretraining dataset D and predict actions by the model Fy(-|C;, s4) for all i € [|C|]
5:  Compute the loss in (3) with respect to the action label a; and backpropagate to update 6.
6: end while
7: // Offline deployment
8: Sample unseen environments 7 ~ T
9: Sample a context C ~ Tiese (- | 7)
10: Deploy Fj in 7 by selecting a; € argmax,c 4 Fo(a | C, s¢) at time step ¢
11: // Online deployment
12: Sample unseen environments 7 ~ Ty and initialize empty context C = {}
13: for i in [Ng]| do
14:  Deploy Fy by sampling a; ~ Fy(- | C, s;) at time step ¢
15: Add (So,ao,ro,...) toC
16: end for




Appendix D: Experimental Details
Environmental Setup

Gaussian Bandits. We investigate a five-armed bandit problem in which the state space S consists solely of a singleton
state s,. With each arm (action) pulled, the agent receives a reward feedback. The goal is to identify the optimal arm that can
maximize the cumulative reward. We consider the reward function for each arm following a Gaussian distribution with mean
fq and variance 02, i.e., R(+|sq, @) = N (ptq, 0?). Each arm possesses means /i, drawn from a uniform distribution U0, 1] and
all arms share the same variance ¢ = 0.3. We consider the pretraining and test data to have distinct Gaussian distributions with
different means.

Bernoulli Bandits. We adopt the same setup as in Gaussian Bandits, with the exception that the reward function does not
follow a Gaussian distribution. Instead, we model the reward function using a Bernoulli distribution. Specifically, the mean
of each arm p, is drawn from a Beta distribution Beta(1,1), and the reward function follows a Bernoulli distribution with
probability of success 1. To validate the capability of SAD tackling OOD scenarios, we consider the test data drawn from the
Bernoulli distribution while the pretraining data drawn from the Gaussian distribution as in the Gaussian bandits.

Darkroom. Darkroom (Laskin et al. 2022; Zintgraf et al. 2019) is a two-dimensional navigation task with discrete state and
action spaces. The room consists of 7 x 7 grids (|S| = 49), with an unknown goal randomly placed at any of these grids. The
agent can select 5 actions: go up, go down, go left, go right, or stay. The horizon length for Darkroom is 49, meaning the agent
must reach the goal within 49 moves. The challenge of this task arises from its sparse reward structure, i.e., the agent receives
a reward of 1 solely upon reaching the goal, and 0 otherwise. Given 7 x 7 = 49 available goals, we utilize 39 of these goals
(~ 80%) for pretraining and reserve the remaining 10 (~ 20%) (unseen during pretraining) for test.

Darkroom-Large. We adopt the same setup as in Darkroom, yet with an expanded state space of 10 x 10 and a longer horizon
T = 100. Consequently, the agent must explore the environment more extensively due to the sparse reward setting, making
this task more challenging than Darkroom. We still consider 80% of the 100 available goals for pretraining and the remaining
unseen 20% goals for test.

Miniworld. Miniworld is a three-dimensional pixel-based navigation task. The agent is situated in a room with four differently
colored boxes, one of which is the target (unknown to the agent). The agent must navigate to the target box using 25 x 25 x 3
image observations and by selecting from 4 available actions: turn left, turn right, move forward, or stay. Similar to Darkroom,
the agent receives a reward of 1 only upon approaching the target box, and O otherwise. The high-dimensional pixel inputs
clearly render Miniworld a much more challenging task than Darkroom and Darkroom-Large.

Hyperparameters
The main hyperparameters employed in this work are summarized in Tables 1-2.

Table 1: The main hyperparameters of each algorithm

Hyperparameters AD DPT DIT SAD
Causal transformer GPT2 GPT2 GPT2 GPT2
Number of attention heads 3 3 3 3
Number of attention layers 3 3 3 3
Embedding size 32 32 32 32
Weight A N/A N/A 500 N/A
Learning rate 0.001 0.001 0.001 0.001
Dropout 0.1 0.1 0.1 0.1

Additional Results

We provide in this subsection additional experimental results that are omitted in the main body of paper.

Figure 12 presents the dataset generation time of our SAD approach, compared with other SOTA baselines (AD, DPT, DIT),
where the MAB and MDP problems consider the environments of Gaussian Bandits and Darkroom respectively. SAD (avg)
represents the average of consumed time over different trust horizons (consistent with those in Figure 5). On average, SAD
requires the most significant amount of time in the MDP problem. While in the MAB problem, SAD ranks as the second most
time-consuming method, with its duration surpassing all except DIT. Notice that the additional computational time of SAD
aligns with the prevailing trend of leveraging increased computation to fully harness the advanced reasoning capabilities of
FMs (Brown 2020).



Table 2: The main hyperparameters of each environment

Hyperparameters Gaussian Bandits  Bernoulli Bandits  Darkroom  Darkroom-Large — Miniworld
Action dimension 5 5 5 5 4
Pixel-based X X X X v
Trust Horizon 320 320 7 10 3
# of epochs 100 100 100 100 200
Context horizon 500 500 49 100 50
Pretraining/test ratio 0.8/0.2 0.8/0.2 0.8/0.2 0.8/0.2 0.8/0.2
# of environments 100000 100000 24010 100000 40000

Table 3: Performance improvements of SAD compared to baseline algorithms in the offline evaluation.

Environment SADvs AD SADvs DPT SAD vs DIT | SAD vs DPT*
Gaussian Bandits 647.0% 508.9% 354.0% —5.2%
Bernoulli Bandits 553.4% 426.8% 289.5% —18.7%

Darkroom 2162.2% 2069.6% 149.3% —-1.3%
Darkroom-Large 6325.5% 6389.9% 266.8% —14.9%
Miniworld 687.7% 684.2% 122.1% —52.9%
Average 2075.2% 2015.9% 236.3% —18.6%

Table 4: Performance improvements of SAD compared to baseline algorithms in the online evaluation.

Environment SAD vs AD SAD vs DPT SAD vs DIT | SAD vs DPT*
Gaussian Bandits 933.6% 942.5% 273.9% —0.4%
Bernoulli Bandits 846.8% 830.9% 313.9% —0.2%

Darkroom 3053.9% 2893.8% 41.7% —3.4%
Darkroom-Large | 10626.9% 10221.8% 24.7% -0.1%
Miniworld 582.9% 580.1% 21.7% —57.3%
Average 3208.8% 3093.8% 135.2% -12.3%
MAB MDP
25001 T 120 ]
2000 100 e
SN [ B
[0} [0}
c £ 60
=11 | BN
0 DPT DIT  SAD (avg) 0D DPT DIT  SAD (avg)

Figure 12: The dataset generation time consumed by SAD averaged over varying trust horizons (as in Figure 5), compared with

AD, DPT, and DIT. Left: MAB, Right: MDP.



