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Abstract

We consider the problem of optimal planning in de-
terministic domains and reduce it to the problem of
finding an optimal solution of a corresponding con-
straint optimization problem incorporating a bound
n on the maximum length of the plan. By solv-
ing the latter, we can conclude whether (¢) the plan
found is optimal even for bounds greater than n;
or (i1) we need to increase m; or (¢7) it is use-
less to increase n since the planning problem has
no solution. Our approach (i) substantially gen-
eralizes previous approaches for optimal symbolic
deterministic planning; (i7) allows to compute non
trivial lower bounds on the cost and length of opti-
mal plans; and (¢i¢) produces an encoding linear in
the size of the planning problem and the bound n.

1 Introduction

We consider the problem of optimal planning in determinis-
tic domains. Given a planning problem IT with costs C, We
assume (7) that IT is specified with 3 formulas in conjunctive
normal form (CNF) giving the initial state, valid transitions
and goal states, and (7) that C associates a non negative real
number to every valid transition between two states. Our ob-
jective is to determine an optimal plan, i.e., a sequence of
actions leading from the initial state to a goal state with min-
imum associated total cost, defined as the sum of the costs of
the transitions induced by the actions in the plan.

In particular, we extend the planning as satisfiability ap-
proach [Kautz and Selman, 1992] and reduce the problem of
finding an optimal plan for (II, C) to the one of solving a cor-
responding constraint optimization problem incorporating a
bound n on the maximum length of the plan. The basic idea
is to construct an encoding 119 of IT and CS of C such that
each valid plan 7 of I with cost C(r)

* bijectively corresponds to a model 7 of TI9 having cost
CO(79) = C(), if m has at most n actions, and

e corresponds to a model 7& of TI9 having cost

CO(79) < C(m), if  has more than n actions.

Thus, if 7& is an optimal model of (II9, C?) then

1. if 79 corresponds to a plan 7 of II with at most n ac-
tions, then 7 is an optimal plan of II, and

2. if 79 does not correspond to a plan of IT with at most n
actions then we have to increase the bound n.

Moreover, if 1S is unsatisfiable then IT does not admit a valid
plan and it is useless to increase the bound n.

Since we place no restriction on the CNF formula speci-
fying the valid transitions, our work substantially generalizes
previous approaches for optimal symbolic deterministic plan-
ning. In particular, this paper builds on and significantly ex-
tends [Leofante et al., 2020] which is restricted to numeric
planning problems expressible in PDDL2.1 level 2 [Fox and
Long, 2003]. Despite being far more general than [Leofante
et al., 20201, (¢) we provide non trivial lower bounds on the
cost of the optimal plans and on the length of valid plans,
and (#7) our encoding never exponentially blows up since it is
guaranteed to be linear in the size of I and the bound n.

The paper is structured as follows. After the formal frame-
work, we focus on how to encode plans with length smaller
than or equal to the bound (section 3), and then we consider
plans longer than the bound (section 4). We put all the pieces
together in section 5, ending the paper in section 6 with some
final considerations, including related and future works.

2 Formal framework

We consider deterministic planning problems (i) that can be
described using finitely many state and action variables, and
(74) whose initial state, valid transitions and goal states are the
models of quantifier free CNF formulas. Thus, our approach
is completely general and captures many logic based planning
representation languages, like grounded PDDL 2.1 level 2
[Fox and Long, 2003] and the action language C [Giunchiglia
and Lifschitz, 1998] in the deterministic case.
For the language signature, we assume to have

1. anon empty finite set X of state variables, each variable
x € X equipped with a domain dom(x) representing
the values the variable can assume,

2. a finite set A of Boolean action variables,

3. acopy X’ of X of next state variables such that, for each
state variable z € X, there is a corresponding variable
x' € X' with dom(x') = dom(x).

An assignment to a set of variables V is a function mapping
each variable in V to an element of its domain. In the case of



Boolean variables, their domain is {T, L} for truth and fal-
sity, and we use v in place of v = T. A state (resp. action,
resp. next state) is an assignment to the variables X (resp.
A, resp. X'). States, actions and next states are denoted with
0,00, ... 0, Qp,...,and o', oy, ... respectively. A transition
is an assignment to all the state, action and next state variables
at hand. Besides variables, we assume to have other possibly
theory dependent symbols (like “0”, “4”, “>") and auxiliary
symbols (like “(” and “)”) that are used to define atomic for-
mulas, literals and well formed formulas. We take for granted
standard logic notions like satisfiability, entailment, model,
and the like. Unless explicitly specified, assignments are to-
tal. (Partial) actions are represented with the set of action
literals they satisfy.

A (deterministic) planning problem is a 5 tuple II =
(X, A I(X), T(X, A X"),G(X)) where

1. I(X) is the initial state formula in the state variables X,

assumed to be satisfied by exactly one state;

2. T(X,A,X’) is the transition relation, i.e., a formula in
the X', A, X’ variables, whose models are the valid tran-
sitions. For each state o and action « it is assumed that
there is at most one valid transition o, o, 0';

3. G(X) is the goal formula in the state variables X', whose
models are the goal states.

Without loss of generality, we assume I(X), T(X, A, X’)
and G(X) to be in CNF, i.e, that each formula is a conjunction
of clauses, where a clause is a disjunction of literals.

In the following, lz,lxy,... (resp. la,lay,..., resp.
la’, 12}, .. .) denote state (resp. action, resp. next state) liter-
als, i.e., literals in the X’ (resp. A, resp. X’) variables. When
convenient, we use also the symbol “—” for implication and
write clauses in T'(X, A, X”) either as

p q
N lai = \/ Lz (1)
=1 =1

(p, g > 0) to model that (\/7_, lz;) is an explicit precondition
of the partial actions which satisfy (A}_, la;), or as

p q r
/\ la; A /\ le; — \/ Iz 2
i=1 i=1 i=1

(p,qg > 0,7 > 1), to model that (\/|_, lz}) is an explicit
(conditional) effect of the partial action {las,...,la,} with

the conditions in {lz1,...,lz4}.

Running Example. Consider a domain SQUARE in which a
numeric variable var is initialized to a fixed value V; € R
and should reach a fixed value Vi € R. The value of var
can be changed only in states with var > 0, and in the
next state the value of var is automatically incremented by 1
unless it is squared. This domain can be formalized as the
planning problem II = (X, A I(X),T(X, A, X"),G(X))
where X = {var}, A = {square}, I(X) = (var = Vi),
G(X) = (var = Vg), and T(X, A, X') is the formula

(msquare Avar > 0 — var’ = var + 1)A
(square — var > 0) A (square — var’ = var?)A 3)
(var < 0 — var’ = var).

Indeed, SQUARE has been formalized as above to make the
example simple yet illustrative for the theory below. (]

LetIl = (X, A, I(X), T(X, A X"),G(X)) be a planning
problem. Our next step is to define the valid plans of II. We
mostly use the terminology of [Fox and Long, 2003; Haslum
et al.,2019]. If F(V) is a formula/function in the V variables
and p is a partial assignment to )V defined onUf C V, by F'(u)
we mean the formula/function obtained by substituting each
variable v € U with p(v) in F(V).

An action « is executable in a state o if there is a next state
o’ satisfying T'(o, o, X’), in which case the result of execut-
ing v in o is the state o such that, for each state variable x,
o”(x) = o’(a’). A plan (of length k) is a sequence of k > 0
actions.

Consider a plan 7 = «p;...;ax—1 (kK > 0). 7 is exe-
cutable if for each i € [0, k — 1], o; is executable in o;, where

1. oy is the state satisfying the initial state formula, and

2. 0441 is the result of executing «; in 0.

If 7 is executable, the state o; (0 < ¢ < k) as above defined
is the ¢-th state induced by w. The plan 7 is valid if it is
executable and the k-th induced state oy, satisfies G(X).

For the definition of optimal plan, we introduce a cost as-
sociated to each valid transition. By C,,,;,, we denote a fixed
positive constant. A pair (IT, C') is a planning problem with
costs if C'is a cost function such that for each valid transition
o,a,0', (1) C(o,a,0") > Cpin Whenever o’ (') # o(x) for
some state variable x, and (i) C(o, a, 0’) > 0 otherwise. If
 is a valid plan, the cost C'() of  is the sum of the costs of
each transition, i.e.,

k—1
C(ﬂ—) = Z C(Ui’ Qs 0—£+1)
=0

where o; and ;1 are the i-th and (i + 1)-th states induced
by m and, foreach z € X, 0}, (2') = 0;41(x). The plan 7 is
optimal if it is valid and there is no valid plan with a smaller
cost.

Running Example. In SQUARE, we further assume that the
cost of each transition is the maximum between 1 and the
difference between the new and old values of var. Formally,
C(X, A X") = maz(var’ —var, 1).
Then, if V; = 1 and Vo = 9, the plans & =
{square}; {—square}; {—square}; {square}, and © =
{—square}; {—square}; {square}, are both valid, but only
7 is optimal (since C(§) = 9 and C'(7) = 8), and there exist
only two other optimal plans of length 7 and 8. ]
As a consequence of the assumption that every valid tran-
sition to a different state has an associated cost greater than
or equal to C'y,;,, > 0, we have the following fact.
Proposition 1. Lez (I, C') be a planning problem with costs.
If 7 is a valid plan of 11 with cost C(w) then there exists an
optimal plan of length less than or equal to | C(m)/Chin |.

3 Plans shorter than or equal to the bound

Let I = (X, A I(X),T(X,A X),G(X)) be a planning
problem with costs C(X, A, X’), and let n > 0 be a fixed
integer called bound or number of steps.



Following the planning as satisfiability approach [Kautz
and Selman, 1992], we make n+1 disjoint copies Xy, .. ., X,
of the set X of state variables, and n copies Ay, ..., A,_1 of
the set A of action variables. Then, for each i € [0,n — 1],
T(X;, A;, X;11) is the formula obtained substituting each
variable z € X (resp. a € A, ' € X') with z; € X}
(resp. a; € A;, 41 € Xip1) in T(X, A, X’), and similarly
for other formulas like I(Xy), G(X,) and C(X;, A;, Xiy1).

Then, we define

5 = 1(Xo) A NIZy T(Xiy Ay Xia) A G(X),
Cy = Z?;ol C(X;, Ai, Xip1).

Notice that both II¥ and C2 are in the variables
Xo, Ao,y ooy X1, Ap—1, X H,SL and C;? define a constraint
optimization problem, whose optimal models are the models
of IT$ that have minimum associated cost C'5 .

Lemma 1. Ler II be a planning problem. Let m =
Qg; .. .;an—1 be a plan of 11. There exists at most one model
7r;g ofH;j such that for each variable a; € A; (0 < i < n),
ﬂ,%(ai) = «;(a).

According to the lemma, for each plan = we have at most
one corresponding model 7 of I1%. Indeed, we have a tighter
correspondence between the valid plans of II and the models
of I1¥ and their respective costs.

Proposition 2. Let (I1, C) be a planning problem with costs.
Let 7 be a plan of length n. 7 is a valid plan of TLiff 75 is a
model of 113}, and C(wr) = C3(72).

Notice that TIS and C2 (75) encode the validity and the
cost of plans of length exactly n. In order to consider also
plans with length smaller than the bound, the transition rela-
tion T'(X, A, X’) may need to be modified in order to ensure
II to be inertial, i.e., that for every state o there exists an ac-
tion o whose execution in ¢ results in the same state ¢ with
cost 0. To deal with inertia, we

1. extend the action signature with the variable NoOp, and
2. define T(X, AU {NoOp}, X’) to be

TH(X, AU {NoOp}, X') = (-NoOp — T(X, A, X')A
Nzcx(NoOp — x' = x)A
Naca(NoOp — —a).

Imposing in the definition above that all the action variables
a € A have to be false whenever NoOp is true allows to es-
tablish a one-to-one correspondence between the valid plans
of IT of length £ < n and the models of

), = I(X0)A N2y T (X, Ai U{NoOp;}, Xi11)
A /\?;02 (NoOp; — NoOp; 1) AN G(Xy,).

The following lemma defines the assignment 72 to the vari-
ables in IT, corresponding to a valid plan 7 of length k < n.

Lemma 2. Let II be a planning problem. Let m =
;.. .;0—1 be a plan of 11 of length k < n. There ex-
ists at most one model 7% of TIL such that for each variable
ai € A; (0 < i < k), 7l(a;) = ai(a) and 71 (NoOp,) =
...=ml(NoOp, ;)= L.

If we define C!(X, AU {NoOp}, X') to be such that, for
each assignment o, o, 0’ to X', A, X/,

Cl(o,a U{NoOp = 1},0') = C(o,a,0"),
Cl(o,aU{NoOp = T},0’) =0,

then we have also that the cost C() of a plan 7 of length
k < nis equal to CL(rl), defined as:

n—1

Ch=>"C!"(X;, A; U{NoOp,}, X;11).

=0

Proposition 3. Let (I, C') be a planning problem with costs.
Let 7 be a plan of length k < n. 7 is a valid plan of T iff 7}
is a model of 111, and C(7r) = CL(xl).

Owing to proposition 3, we know that if a model 7% of T}
is optimal (i.e., all the other models p! of IT. are such that
ClL(pl)y > CI(nl)), then there is no valid plan of II with
length < n and cost smaller than C'(7r).

Running Example. Assume that V; = 1 and Vg = 9 in
our (II, C') formalization of the SQUARE domain. From the
previous example, we know that there is an optimal plan m,
plus two other, say w and p, of length 3, 7 and 8, respectively.
Assuming n = 8, from the proposition we can conclude that
7l w! and p! are optimal models of (ITZ, C:). On the other
hand, from the fact that 7/, w? and p. are optimal models of
(ITL, C1), the proposition does not allow us to conclude that

7, w and p are optimal plans of (II, C). O

4 Plans longer than the bound

Let IT = (X, A, I(X), T(X, A X"),G(X)) be a planning
problem with costs C'(X, A, X”), and let n > 0 be a bound.
We build an abstract encoding I1#' such that for each valid
plan 7 of length k& > n there is a corresponding model 77 of
14 with cost CA (1) < C ().

Consider a plan 7 = ;. . .; ai_1 of length k£ > n and let
o, be the n-th state induced by 7.

The definition of ITZ is based on an abstract version
TA(X,BA,BX,V) of the transition relation T'(X, A, X")
and an abstract version G (X, BX, V) of the goal condition
G(X), where

1. BX is a set containing one new Boolean abstract state
variable T for each variable x € X': intuitively T is true
in 7r;‘L1 if z is affected by some action «; (n <7 < k);

2. BA is a set containing one new Boolean abstract action
variable la for each action literal la (thus, |BA| = 2 x
|A]): intuitively, la is true in 7} if for some n < i < k,
a;(la) = T; and

3. V is a set of auxiliary Boolean variables necessary to
maintain polynomial the size of T4 (X', BA, BX,V) and
of its CNF conversion, and allowing the computation of
non trivial lower bounds on the length and cost of 7.

If 7 is wvalid, then 7r;;‘ will be a model of both
TA(X,BA,BX,V) and GA(X, BX, V).

Similarly to T(X,A,X’) (see eq. (1) and (2)),
TA(X,BA,BX,V) includes two types of clauses:



1. the abstract preconditions of each variable la € BA,
defined on the basis of a subset P! of the preconditions
of the partial action {la} in T'(X, A, X’) and defining
whether la can be set to true, and

2. the abstract effects affecting a variable T € BX, defined
on the basis of a superset £% of the states and actions
causing x € X to change value (i.e., z # 2’) and defin-
ing whether T has to be set to true given the 5.4 variables
set to true in the previous step.

Given that the abstract preconditions and effects involve the
variables in the same set B.A, BX, “loops” between the ab-
stract preconditions and effects are possible. Such loops, if
not ruled out, cause unwanted models, i.e., models not corre-
sponding to plans executable starting from o,,, the n-th state
induced by 7. In order to rule out such models, taking in-
spiration from [Janhunen, 2004; Niemeld, 2008], we impose
a level ordering on BA, BX ensuring that the first actions in
BA set to true have their abstract preconditions satisfied by
o, and each variable in BX is not used to enable an abstract
action in B.A unless it has been previously set to true by some
other abstract action in a lower level. This is obtained by
introducing level ordering constraints associating a level in
[0, | X| + 1] to the following level ordering variables in V:

1. )‘E for each abstract action la € BA,
Az for each abstract state variable T € BX,

A, for each precondition p € P! of a partial action {la},

Bl o

A for each conjunction e € £* whose truth affects the
value of x in the resulting state,

5. Ay for each state literal [z in a conjunction e € £*.

As part of V), we also have one Boolean variable € for each
conjunction e € £* and one additional Boolean variable [z
for each state literal [z in a conjunction e € £*.

Consider an action literal la. The set of abstract precondi-
tions of [a are computed on the basis of a subset P'® of the
preconditions of la. A disjunction p of state literals is a pre-
condition of an action literal la if T'(X, A, X') and the falsity
of p entails the falsity of la (i.e., if (T'(X, A, X') A—pAla) is
unsatisfiable). Formally, the conjunction of the preconditions
of la is equivalent to

JATX (la AT(X, A, X')). )

Running Example. The preconditions of square coincide
with its explicit precondition (var > 0), while —square has
no preconditions, corresponding to the formula T. Indeed, in
this case, the explicit preconditions of square and —~square
are equivalent to the formula (4). However, such equiva-
lence in general does not hold since there can be also other
implicit preconditions. For instance, if we add the clause
(var’ > war) to (3), the precondition of square becomes
(var > 1), which indeed entails its explicit precondition. [J

Computing the preconditions of la requires that the theory
behind the planning problem admits a quantifier elimination
procedure, which, in general, cannot be guaranteed (see also
[Helmert, 2002]). However, there are cases in which such
quantifier elimination is possible, though computationally ex-
pensive, e.g., using Fourier—Motzkin procedure, assuming

variables are either Boolean or range over the reals, and that
in T(X, A, X’) there are only Boolean variables and linear
inequalities. Furthermore, in many cases all preconditions
are explicit in T(X, A, X’), e.g., for PDDL encoded prob-
lems. Finally, in all cases — since we wish to compute a
superset of the set of actions literals [a which have their pre-
condition satisfied — we do not need all the preconditions of
la, and we can just consider the explicit ones in T' (X', A, X”).

Given the last point, consider a subset P'® of the precon-
ditions of la, which contains at least the explicit precondi-
tions of {la} in T(X, A, X’) and thus also the clauses in
T(X, A, X') without action and next state variables. For-
mally, let P*“ be a set of disjunctions of state literals, each en-
tailed by (4). Then, for each precondition p = (\/{_, lz;) €
Ple (¢ > 0) in the state variables {z1,...,7,,} C X,
TA(X,BA, BX,V) includes the clause

. m
la —pV \/9?Z
i=1

The above clause models the fact that we consider the abstract
precondition corresponding to p satisfied, if p is either satis-
fied by o, or if one of its state variables has been affected by
an abstract action at a lower level. For the level ordering con-
straint, we impose that the level A, associated to p is 0 if p is
satisfied by o, and is the minimum of the levels associated
to T1, . . ., T, and |X| + 1 otherwise:

\/g:1 lr; — /\p =0,
a)‘m,

Ly oley = Ny = min(Aar, - -

X[ +1).

Then, the level \;; associated to la € BA is the maximum
of the levels associated to all the preconditions in Pl and 0,
and la can be set to true only if its level is not | X'| + 1:

A =maz(\, :p € P'",0), la— N\ #|X]|+1. (5)

Now we consider the problem of computing the abstract
effects, determining when an abstract state variable T € BX
can be set to true. Consider a state variable z. Our goal is to
set 7 to true when there is a state and an action which cause x
to change value in the resulting state. Such states and actions
are those that satisfy

W (2 # a AT(X, A, X")). 6)

As for the preconditions of an action literal, computing a
quantifier free formula equivalent to the above may not be
possible. However, we need to find a superset of the set of
next state variables 2’ which change value, and we can con-
sider a superset of the desired states and actions. Thus, we
can take £” to be the set of the antecedents of the explicit
effects (2) in T'(X, A, X’) such that

1. 2 occurs in a next state literal [z} (1 < i < r), and

2. (Aj=; lzj Alx}) does not entail 2 = z.!

'Such condition can be easily checked when (i) Iz’ is ' = x or
x = 2’ or there is a conjunct lx; (0 < i < q) equal to z = v and
lz' is ' = v (as it is the case in the explanatory and classical frame
axioms of classical Boolean planning problems).



Consider a set £% of conjunctions of state and action lit-
erals such that if x changes value in the resulting state then
at least one of the conjunctions in £7 is satisfied. Let £* be
a set of conjunctions of state and action literals such that the
disjunction of the conjunctions in £” is entailed by (6). Then,
T4(X,BA, BX,V) includes the following clauses:

1. for each conjunction ¢ = A”_jla; A AL lz; € E°

(p,q > 0), the clauses corresponding (4) to
lx; < lo; V \/:n:l zj,
for each state literal lz; (1 < ¢ < ¢) in e in the state
variables {x1,...,2,} C X, and (i) to
€ < /\?:1 lai A\ /\?:1 ll’i,

all clauses modeling the fact that we consider € to be sat-
isfied when the abstract version of the actions and con-
ditions in e are satisfied; and

2. the clauses saying that 7 is true iff one of abstract for-
mulas in £7 is satisfied, equivalent to:

T & \/é.

ecér

For the level ordering constraint, we impose that

1. for each conjunction e = A”_ la; A AL, lz; € E°
(p,q > 0), (i) that the level A, (1 <14 < ¢) associated
to the state literal [x; in the state variables x, ..
(m > 0)is 0 if lx; is satisfied in o,,, and is the mini-
mum of the levels associated to the abstract state vari-
ables {Z71, ..., T, } and | X| + 1 otherwise:

'7‘%.7774

lx; — Nig; =0,
—lxy = ANz, = min(Aa, - - - Aers

Xl +1),

and (7i) that the level )\, of e is the maximum of the
levels of the conditions and action literals in e and 0O:

)\e = max<)\la1; ey )\lapa )\lwla B )‘lmq70)7

2. that the level Az of T € BX is 1 plus the minimum of
the levels associated to each effect e € £7 and | X|, and
T can be set to true only if its level is not | X'| + 1:

Az =min(A. 1 e € E7,|X|) + 1, 7
T — Az £ |X|+ 1.

TA(X,BA,BX,V) is the conjunction of the clauses as-
sociated to P and £, for each action literal la and state
variable .

Running Example. Let P*?%%¢ = {ypar > 0} and
Ppsquare — () corresponding to the explicit preconditions
of {square} and {—square} respectively. Let £V*" =
{(=square A var > 0), square}, corresponding to the first
and third clauses in (3). Then, from T4 (X, BA, BX,V), it
follows that (|X| = 1)
1. if (var > 0) is false then, given (5) and (7), =square
can be set to true but square and var are necessarily
false since )\W = )\W = 2, )\W = O7

2. if (var > 0) is true then Square, =square and Tar can
be set to true since Asguare = A=sguare = 0, Avar = 1.

O

Now we consider the definition of G (X, BX, V), the ab-
stract version of the goal formula G(X). Consider the goal
formula G(X) = Aj_; Vi, lzi;. GA(X,BX,V) is the
CNF formula consisting of

1. for each clause ¢; = \/j‘:1 lz;; in the state variables
X1, ..., &, (m > 0), the clauses corresponding to
. c; VvV \/;n:1 Tj, \/j;l l:vij — )\Ci =0,
Ny iy = Aep = min(Azr, - Az [X] + 1),

where )., is a new level ordering variable in ), and
2. the clause (\g is the last new variable in V we introduce)

Ag = maz(Ae,, -y Ace,,0).

The definition of the level ordering A associated to the
goal formula allows us to define (i) a lower bound A on
the number of steps necessary, starting from the n-th induced
state o, to reach a goal state, and (4¢) a lower bound

G
Cn = AG X Om,in

of the cost to reach a goal state starting from o,.

We can state the desired correspondence between the plan
7 with cost C(7) and a model 72 of 117} with cost C2H ().
14 and C2! are defined below, while ;! will be characterized
with a lemma as we did for 7/ in Section 3.

I = I(Xo)A N2y T(Xi Ai, X
NTA(X,, BA, BX, V) A GA(X,, BX, V),
cl=cg+Cy.

Lemma 3. Let Il be a planning problem. Let m =
o; - . .;ag—1 be a plan of 11 of length k > n. There exists at
most one model w/* of 112} such that

1. foreachvariable a; € A; (0 < i < n), 72(a;) = a;(a),

2. for each action literal la, 7/} (la) = T iff there exists an
action o, with © € [n, k — 1] and a;(la) = T.
Proposition 4. Let (I, C') be a planning problem with costs.
Let G be the goal formula in11. Let w be a valid plan of length
k > n > 0. Then, r/} is a model of 12, C(mr) > C(m}),
and k > n+ 12 (\g).
Running Example. G4 (X', BX, V) simplifies to

(var = Vg Voar) A (var = Vg = Ag = 0)A
(var £ Vo = Ag = dvar)-

Assuming that Vg > Vi > 0, then, for n = 0, for any model
7 of TI2, 74 (\g) = 1 = |X|, meaning that, for n = 0, we
can conclude that the length of each valid plan has 1 as lower
bound. This is because, for every n, if H;‘L‘ is satisfiable then
it is always the case that A¢ < |X'|, and we have |X'| = 1. If
we consider the planning problem with m Boolean state vari-
ables X = {vy,...,v,,} and no action variables, assuming
that I(X) = A", —v;, G(X) = vy, and that the transition

relation is a CNF formula equivalent to

-1 -1

v AN (0 — V1) A A T Viyq € Vig1)
then valid plans (consisting of sequences of empty actions)
have length > m and, forn = 0, A\q = |X|. O



5 Optimal planning as Constraint
Optimization
Let I = (X, A I(X),T(X,A X"),G(X)) be a planning
problem with costs C'(X,.A, X’), and let n > 0 be a bound.
‘We combine the results in Sections 3, 4 and define a constraint
optimization problem (I19, C) allowing to determine (7) an
optimal plan of length k < n, or (ii) the non existence of a
valid plan, or (¢i¢) whether the bound n needs to be increased.
These statements are consequences of the Theorem below,
based on the following definition of (IIY, C9):
M9 = I(X)A N2y TT(Xi, A; U {NoOp,}, Xiy1)

A /\5:02 (NoOp; — NoOp; )

ANTA(X,, BA,BX, V) AN GA(X,,, BX,V)

A(NoOp,,_; = Ag = 0)
/\/\EGBA()\G =0— —|la),
co=cl+cg.
Lemma 4. Ler I be a planning problem. Let m =
Qo; ... ;a—1 be a plan of I1. There exists at most one model
79 of 19 such that, if m = min(k,n),

1. for each variable a; € A; (0 < i < m), 79(a;) =
a;(a) and 79 (NoOp,,) = ... = w9 (NoOp,,_,) = L,

2. for each action literal la, 79 (la) = T iff there exists an
action o, with i € [m, k — 1] and a;(la) = T.

Theorem 1. Let (I1, C) be a planning problem with costs.

1. A plan 7 of length k is optimal iff there exists a bound
n > k such that =9 is an optimal model of (IS, C9)
and 79 (\g) = 0.

2. For a bound n > 0, if 79 is an optimal model of
{9, C9) and 79 (\g) = O, then for every m > n,
79 is an optimal model of (119, C9) and 7 (\¢) = 0.

3. Foraboundn > 0, if 19 is unsatisfiable then for every
m > n, 119 is unsatisfiable and 11 has no valid plans.

4. For a bound n > 0, if 79 is an optimal model of
(19, C9) then any valid plan of 1 has cost greater than
or equal to C9 (19).

5. For a bound n > 0, if 79 is an optimal model of
{9, CEY and 79 (\g) # O then any valid plan of T
has length greater than or equal to (n + 72 (\g)).

6. The size of 19 is O([I1] x n), where [I1] is the size of T1.

Given Proposition 1, the Theorem guarantees that, assum-

ing the existence of a valid plan for II, we are able to de-
termine an optimal plan by repeatedly solving the constraint
optimization problem (I1S, C&) for increasing n, till an op-
timal model 7& is found with 7 (Ag) = 0. The second and
third statements imply that we do not need to increment the
bound in unitary steps: indeed, we can fix the new bound
according to some policy (see, e.g., [Rintanen et al., 2006;
Rintanen, 2012]). The fourth and fifth statements provide the
lower bounds on the cost and length of valid plans. Notice
that if 7& is an optimal model of (II?, C9) and 79 (A\g) # O,
we can conclude neither the existence of a valid plan nor
that valid plans have length > n + 79(\g). Indeed, the
latter holds (fifth statement) assuming that the cost func-
tion of the optimization problem is fixed to CS (and not to
C9O = (CL + C%)). Finally, the last statement ensures that
our encoding is linear in the size of I and n.

Running Example. If V; < 0and Viz # V} then, forany n >
0, IT9 is unsatisfiable and indeed IT does not have valid plans.
If Vi =1 and Vg = 9 there are three optimal plans of length
3, 7 and 8; and (i) for n < 6, 119 has one optimal model
with cost (n — 1) and satisfying A\¢ = 1; (i) for n = 7, 1
has 3 optimal models with cost 8 but only two of them satisfy
A¢ = 0; and (4i7) for n > 8, there are 3 optimal models and
all of them satisfy A = 0. If we extend the transition relation
(3) with the constraint (var < 9) and V; = 1 and Viz = 10,
then 119 admits one optimal model satisfying A¢ = 1 for
n < &, while for n > 9, H,? is unsatisfiable, proving that IT
has no valid plan.

As the above example makes clear, it is possible to have
(7) abound n greater than the length of an optimal plan 7 and
79 is not an optimal model of (IT9, C2); (i) a bound n for
which we have various optimal models of (ITY, C9) but only
some of them correspond to optimal plans; and (iii) a bound
n after which for every optimal plan 7, 7¥ is an optimal
model of (TII9, C?). Tt is also possible that the optimization
problem ( f’, C§ ) becomes unsatisfiable for bounds greater
than a certain value.

6 Conclusions, related and future work

We have shown how to reduce an optimal planning problem
in deterministic domains with finitely many variables to a
constraint optimization one. We have considered the problem
in its full generality, making no other assumption about the
domain. Our results are thus applicable to planning problems
specified, e.g., in various versions of the PDDL language (in
particular, in subsets of PDDL 2.1, 2.2, 3.1) and in the ac-
tion language C when the domain is deterministic. We are
not aware of comparable approaches as general as ours. Pre-
vious attempts to find solutions for optimal planning prob-
lems include [Robinson et al., 2010], where partial weighted
MaxSAT is proposed as a backend to solve specific kinds of
optimal planning problems. More recently, in [Davies et al.,
2016] a mixed-integer programming encoding of a perfect
heuristic is developed, landing on an incremental Boolean
satisfiability encoding, while our results can be applied to
back-ends dealing with decidable first order theories, e.g., sat-
isfiability modulo theories. As for lower bounds, some results
related to ours can be found in [Haslum, 2012] presenting in-
cremental lower bounds, but limited to additive cost planning
problems, and [Haslum, 2013] discussing optimal planning
with conditional effects using a mechanism of relaxation sim-
ilar to ours. Finally, some work closely related to ours can be
found also in [Abdulaziz, 2021] where upper bounds on the
length of cost optimal plans that are valid for problems with
0-cost actions are investigated. More in general, there are
many papers focusing on optimal planning and/or showing
how to translate planning problems in logic-based formalisms
(see, e.g., [Ghallab et al., 2004] for an overview). As men-
tioned, our work generalizes [Leofante et al., 2020] which
considers numeric problems specified in PDDL 2.1 level 2.
If we do not take into account the optimizations introduced
by [Leofante et al., 2020] that are possible because of the
restricted language used, the substantial difference is in the
encoding of plans longer than the bound. In particular, to



eliminate the unwanted models caused by loops between pre-
conditions and effects, we use level order formulas based on
[Janhunen, 2004; Niemeld, 2008], while Leofante et al. use
loop formulas based on [Lin and Zhao, 2002]. However, with
loop formulas (%) the size of the encoding may exponentially
blow up [Lifschitz and Razborov, 2006], and (i7) it is not
possible to compute non trivial lower bounds of the length of
valid plans and of their cost.

This work is still preliminary. Of course, the primary ex-
tension of this work is to assess whether the proposed theory
and/or a generalization/specialization scales in practice, also
compared to other approaches. The results in [Leofante et al.,
20201, but also in [Piacentini ef al., 2018] for numeric prob-
lems, are encouraging even for sequential planning problems
in which, in every action, at most one variable is true. Indeed,
in the non sequential case, planners based on search have to
evaluate 21l possible actions in every state, making symbolic
approaches like ours very appealing.
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